Realistic models of particle physics include many scalar fields. These fields generically have nonminimal couplings to the Ricci curvature scalar, either as part of a generalized Einstein theory or as necessary counterterms for renormalization in curved background spacetimes. We develop a gauge-invariant formalism for calculating primordial perturbations in models with multiple nonminimally coupled fields.
I. INTRODUCTION
High-precision measurements of the Cosmic Microwave Background (CMB) radiation provide some of the most stringent tests of inflationary cosmology [1, 2] . As is well known, inflationary models make specific predictions for the spectrum of primordial perturbations.
The gauge-invariant formalism for performing those calculations, based on coupled metric perturbations and quantum field fluctuations, has reached a high state of maturity. (For reviews, see [3] [4] [5] [6] [7] .) An important feature of the perturbation spectra concerns the balance between adiabatic perturbations and isocurvature (or entropy) perturbations. Models that overproduce entropy perturbations can result in significant differences between predicted inflationary spectra and empirical observations [5, 8, 9] . In particular, entropy perturbations can amplify the curvature perturbation on the longest (cosmologically relevant) length scales, even after those modes have crossed outside the Hubble radius. Single-field models generically predict little to no entropy perturbations on the longest length scales. But models that involve multiple interacting scalar fields do, in general, produce long-wavelength entropy perturbations, which can threaten the conservation of the curvature perturbation and hence the matching of inflationary predictions to observations [8, 10] .
The authors of [11] identified a second source of entropy perturbations: scalar fields with noncanonical kinetic terms will induce entropy perturbations distinct from the usual source that stems from fields' interactions with each other. Building on that important observation, recent work [12, 13] has considered perturbations in generalized multifield inflationary models, in which arbitrarily many scalar fields possess noncanonical kinetic terms. The analyses in [11] [12] [13] were conducted in the Einstein frame, in which all fields have minimal couplings to the Ricci curvature scalar, R.
Noncanonical kinetic terms are often associated with exotic forms of matter (such as axions and moduli fields from string theory), if not outright pathologies. Scalar fields with the "wrong" sign of the kinetic term, for example, can signal a tachyonic instability in a model. On the other hand, noncanonical kinetic terms also appear upon making a conformal transformation to the Einstein frame and rescaling any fields which, in the Jordan frame, possessed nonminimal couplings to R -even if those fields had canonical kinetic terms † Email: audrey.todhunter@gmail.com in the Jordan frame. As is well known, nonminimal couplings are generic for scalar fields.
They arise from a variety of model-building efforts (in supergravity, string theory, and more) [14, 15] . They are also required as counterterms when considering renormalization of scalar fields in curved background spacetimes [16, 17] . Indeed, in many models the nonminimal coupling strength, ξ, grows without bound under renormalization-group flow [17] .
As has recently been shown [18] , for models that incorporate multiple nonminimally coupled scalar fields, there does not exist any combination of conformal transformation and field rescalings that can bring both the gravitational portion of the action and the fields' kinetic terms into canonical form. Thus one may work in a frame that incorporates canonical Einstein gravity but necessarily includes noncanonical kinetic terms for the scalar fields; or one may work in a frame in which the nonminimal couplings remain explicit but the scalar fields have canonical kinetic terms.
Here we revisit the calculation of [12, 13] , performing the entire calculation in the Jordan frame. By working in the Jordan frame, the second source of entropy perturbations described in [11] [12] [13] appears rather straightforward: it arises from the presence of the nonminimal couplings, and persists even for scalar fields that retain canonical kinetic terms (in the Jordan frame). That is, models that have a perfectly mundane matter sector -each scalar field with a canonical kinetic term, and each with a simple nonminimal coupling (as required for renormalization) -include the second source of entropy perturbations identified in [11] [12] [13] . In the process, we build on previous work that extended the gauge-invariant perturbation formalism to generalized Einstein theories [3, [19] [20] [21] [22] to present what is (to the best of our knowledge) the first calculation of inflationary perturbations for models with multiple nonminimally coupled fields, conducted in the Jordan frame in which the nonminimal couplings remain explicit. (See [15, 24] for reviews of the single-field, nonminimally coupled case.)
We perform the calculation in the Jordan frame because we believe other aspects of inflationary model-building may be tackled more conveniently in the Jordan frame. In addition to the fields' canonical kinetic terms, interactions among the scalar fields may be readily analyzed without the appearance of new (and often non-renormalizable) interactions among the transformed fields, which necessarily appear in multifield models upon making use of a conformal transformation [18, 25] .
The formalism developed here should be helpful for calculating primordial perturbation spectra for all manner of models of recent interest, whether inspired by string cosmology or not. Indeed, because nonminimal couplings are generic for scalar fields in curved spacetime -and because realistic models of particle physics (including the Standard Model and its various generalizations) contain many scalar fields that could play important roles in the early universe [26] -it is essential to have a robust, gauge-invariant formalism that can accommodate multiple nonminimally coupled fields. We have in mind, for example, the recent model of "Higgs inflation," in which the Higgs sector of the electroweak Standard
Model drives a phase of early-universe inflation, thanks to a significant nonminimal coupling, ξ ∼ 10 4 [27] . In renormalizable gauges appropriate to the high-energy inflationary regime, the Standard Model Higgs sector includes four scalar fields rather than just one: the (real)
Higgs scalar field plus three Goldstone fields [18, 25, 28] . "Higgs inflation" thus involves four nonminimally coupled scalar fields, each of which possesses a canonical kinetic term in the Jordan frame. The formalism developed here will allow one to analyze perturbation spectra for models like these.
The remainder of the paper is organized as follows. In Section II we derive the equations governing linearized metric perturbations for the general case of multiple nonminimally coupled scalar fields. In Section III we examine the curvature perturbation on uniformdensity hypersurfaces for such models, ζ, to highlight under what conditions ζ may vary considerably between the time a mode first crosses outside the Hubble radius during inflation and the time that mode re-enters the Hubble radius at the epoch of CMB last scattering.
Concluding remarks follow in Section IV.
II. BACKGROUND AND PERTURBATIONS
We work in (3+1) spacetime dimensions, with metric signature (−, +, +, +). We consider models involving N scalar fields, φ I , each of which is nonminimally coupled to the Ricci curvature scalar. The action is given by
We denote covariant derivatives (with respect to the spacetime metric, g µν ) with semicolons, and use the Einstein summation convention both for repeated spacetime indices (µ, ν) and field-space indices (I, J). Since our goal is to demonstrate the relationship between entropy perturbations and nonminimal couplings, we will restrict attention to trivial (Euclidean) field spaces, with G IJ = δ IJ . Hence every scalar field in the models we consider has a canonical kinetic term in the action. More complicated field-space metrics may be treated by the methods developed in [12, 13] .
Varying the action with respect to g µν yields the Einstein field equations
where M pl is the reduced Planck mass,
The energy-momentum tensor takes the form
The coefficient M 2 pl /(2f ) on the righthand side of Eq. (4) is necessary in order for T µν to be conserved, T µν ;ν = 0. Varying the action with respect to each field φ I yields the equations of motion
where
;µ;ν , V I = ∂V /∂φ I , and f I = ∂f /∂φ I . Because both V and f depend on multiple scalar fields, φ I , φ J , ..., φ N , the fields' equations of motion will, in general, become coupled.
We may next consider linearized perturbations around a spatially flat FriedmannRobertson-Walker metric in (3 + 1) spacetime dimensions. The scalar degrees of freedom of the perturbed line element may be written
where Latin indices run over spatial coordinates, i, j = 1, 2, 3, and a(t) is the scale factor.
The well-known gauge-invariant Bardeen potentials are defined as [3, 5] 
where overdots denote derivatives with respect to cosmic time, t, and H =ȧ/a is the Hubble parameter. In the longitudinal gauge, which corresponds to setting E = B = 0, the perturbed line element reduces to
We may also separate each scalar field into a spatially homogenous background and a fluctuation:
In the spacetime metric associated with Eq. (8), the equations of motion, Eq. (5), separate into background and first-order expressions:
where ∇ 2 = ∂ i ∂ i is the spatial Laplacian in comoving coordinates, and
We expand the Einstein field equations to first order in Φ, Ψ, and δφ I ,
with background quantities labeled by (0). It will prove convenient to write the energymomentum tensor in terms of fluid quantities first, and later use Eq. (4) to relate quantities such as the energy density, ρ, and the pressure, p, to the fields and their fluctuations. We follow the convention of labeling fluid quantities and their perturbations in terms of the mixed-index energy-momentum tensor:
where δρ is the density perturbation, δq is the momentum flow, δp is the isotropic pressure perturbation, and Π ij is the anisotropic pressure. Note that Π ij has no time-like components;
it is symmetrical in its indices (Π ij = Π ji ); and it is traceless (Π i i = 0). Thus we may write Π ij in terms of a projection operator:
As we will see below, Π ij = 0 in models with at least one nonminimally coupled scalar field.
The decomposition of T µν in Eq. (13) is completely general: this form applies (with different values of ρ, δρ, and so on) for simple models involving one minimally coupled field as well as for models with several nonminimally coupled fields.
To background order, the Einstein equations of Eq. (12) yield the usual dynamical equations:
The first-order perturbed Einstein equations yield
where Eq. (16) 
We consider the background and first-order terms to be separately conserved, which yieldṡ
Note that the anisotropic pressure, Π ij , drops out of the conservation equations because it is traceless.
Comparing Eqs. (4) and (13), we may identify the fluid components (ρ, δρ, and so on)
in terms of the matter-field content of our family of models. We expand the nonminimal coupling term as
where f (ϕ
. In what follows we will drop the superscript (0) on f ; it should be understood that f written with no explicit argument refers to f (ϕ I ). Then the 00 component
The 0i component becomes
The diagonal terms within
The i = j term, coming from the anisotropic pressure, becomes
Thus in models with at least one nonminimally coupled scalar field, the two Bardeen potentials, Φ and Ψ, will differ. In the limit f (φ I ) → M 2 pl /2 = constant, Eqs. (23)- (25) approach the corresponding expressions for the multifield, minimally coupled case (see Eqs. (72)- (74) of [5] ), and Φ → Ψ.
III. CONSERVATION OF THE CURVATURE PERTURBATION
We may now consider the behavior of the curvature perturbation on uniform-density hypersurfaces, ζ [29] . In terms of the gauge-invariant Bardeen potential, Ψ, and working in longitudinal gauge, ζ may be written [5] 
where the second expression follows from using Eq. (21) forρ. Taking the time derivative
upon using the expression for δρ in Eq. (21) . The non-adiabatic pressure is defined as [5] 
with which we may rewrite Eq. (28) aṡ
This expression forζ is completely general and model-independent; it holds for any (physical) case in which the total energy-momentum tensor is conserved.
The δq term is related to the shear, which (as we will see in a moment) is always suppressed in the long-wavelength limit, k ≪ aH. Thus any deviation ofζ from zero on cosmologically interesting length scales must arise from the presence of non-adiabatic pressure, δp nad . In other words, models which produce significant entropy perturbations can haveζ = 0 even in the limit k ≪ aH.
To evaluate the ∇ 2 δq term in Eq. (30) we use Eqs. (16) and (17), relating δq and δρ to Ψ and Φ. We also perform a Fourier transform, such that ∇ 2 F = −k 2 F for any function
, where k is the comoving wavenumber. Then we find
where Σ is the scalar shear along comoving worldlines [5, 30] , and we have used the definition of ζ in Eq. (27) as well as the background relation between H 2 and ρ of Eq. (15) . Clearly the shear will remain negligible on the relevant length scales following Hubble crossing, with k ≪ aH, so long as ζ and Ψ remain finite. This result is model-independent, and holds for any conserved energy-momentum tensor. Returning to Eq. (30), we thus see that any deviations ofζ from zero in the limit k ≪ aH will arise from entropy perturbations, δp nad .
Consider first the case of a single scalar field with minimal coupling. Applying Eqs. (10), (15), and (23)- (25) in the case N = 1 and f (ϕ I ) = M 2 pl /2, δf = 0, we finḋ
and thus, from Eq. (29),
where δρ m is the gauge-invariant comoving density perturbation [5] , defined as
In the single-field, minimally coupled case, we thus find that δp nad ∝ δρ m . We may further evaluate δρ m by combining Eqs. (16) and (17), which yields
This expression, relating δρ m to the spatial derivative of Ψ, is completely general and holds for any conserved energy-momentum tensor; the proportionality of δp nad and δρ m in Eq.
(33) is model specific. In the single-field, minimally coupled case, we therefore find
In the simple case of a single minimally coupled field, we find the well-known result [3, 5, [29] [30] [31] that both δp nad and Σ are suppressed by factors of (k/aH) 2 . From Eq. (30),
we therefore see that in single-fleld, minimally coupled models, the curvature perturbation remains conserved,ζ ≃ 0, on cosmologically relevant length scales with k ≪ aH. In such models, curvature perturbation modes that are amplified during inflation and cross outside the Hubble radius will remain effectively frozen until crossing back inside the Hubble radius at the time of CMB last scattering.
We may now use the formalism of Section II to see how this result generalizes to the case of multiple scalar fields, each with nonminimal couplings. From Eq. (23), we finḋ
upon using Eq. (10) 
where we have defined
In the minimally coupled case, f (ϕ I ) → M 2 pl /2 = constant and δf → 0, and thus (S, F , δF ) → 0.
We may quickly confirm the well-known result that multifield models, each with canonical kinetic terms and minimal coupling, generically produce entropy perturbations that need not be suppressed in the limit k ≪ aH [5, 8, 10, 11, 32, 33] . For simplicity, consider a two-field model with fields φ and χ. Then Eq. (44) becomes
As usual, the term proportional to δρ m will remain suppressed in the long-wavelength limit, thanks to Eq. (35), but the second term need not be negligible even for k ≪ aH. Multiple interacting fields will generically produce entropy perturbations which can in turn amplify the curvature perturbation.
From Eq. (44) it is also clear that nonminimal couplings will generate a second, distinct source of entropy perturbations, which likewise need not be suppressed in the limit k ≪ aH.
To distinguish this second source of entropy perturbations from those that are generically produced in the multifield case, consider a model with a single nonminimally coupled scalar field. Upon using Eqs. (23)- (25) in the case N = 1, (f, δf ) = constant, Eq. (44) becomes
where S is defined in Eq. (41), F and δF are defined in Eq. (43), and, in the single-field case, Eq. (45) reduces to
From Eqs. (35) and (47) we again see that the first term in δp nad , proportional to δρ m , will remain suppressed for k ≪ aH, whereas all of the remaining terms -which arise solely from the nonminimal coupling -can source entropy perturbations even in the long-wavelength limit.
The behavior of the curvature perturbation, ζ, thus depends upon the entropy perturbations, δp nad . The entropy perturbations, in turn, depend on several terms involving the nonminimal couplings: ∆ I , F , δF , and Sδρ. From Eqs. (23), (24), (41), (43), and (45), we see that ∆ I , F , and Sδρ are each proportional to the field fluctuations, δφ I , while the F term depends on the time-dependence of the nonminimal coupling function, f (ϕ I ). During inflation, we expect all of these contributions to δp nad to remain negligible, at least in the limit k ≪ aH. The field fluctuations in many models will remain close to the usual value in de Sitter spacetime, δφ I ∼ H/2π. Likewise, the background fields, ϕ I , should vary slowly during the slow-roll phase of inflation, so thatḟ ,f , and similar terms should remain relatively unimportant.
As inflation ends and preheating begins, however, both of these conditions can change dramatically. The inflaton, ϕ, will begin to oscillate rapidly, and henceḟ ,f , and similar terms need not remain small. Furthermore, under certain conditions, the field fluctuations, δφ I k , can become resonantly amplified, growing exponentially even for super-Hubble modes with k ≪ aH. (For reviews of preheating, see [5, 34] .) Thus during preheating, the entropy perturbations arising from nonminimal couplings can grow rapidly. This growth, in turn, can amplify the entropy perturbations, δp nad , and driveζ = 0. In the single-field case, one may always perform a conformal transformation and field rescaling so that the dynamics (in terms of the rescaled field) appear identical to the singlefield minimally coupled case, akin to Eq. (33) [19, 22, 23] . But in the multifield case, no combination of conformal transformation and field rescalings exists that could make all fields appear to have both minimal couplings to R and canonical kinetic terms in the action [18] . The new source of entropy perturbations identified here, which arises from nonminimal couplings in the Jordan frame, would appear in the transformed frame to arise from fields' noncanonical kinetic terms [11] [12] [13] . One way or another, in the multifield case, there exist two separate sources of entropy perturbations even in the long-wavelength limit.
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